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ON FREDHOLM PROPERTY OF A BOUNDARY VALUE 
PROBLEM FOR THIRD ORDER OPERATOR-DIFFERENTIAL 

EQUATIONS 

SEADAT B. HEYDAROVA 


Abstract. In the paper we obtain conditions of Fredholm property for 
third order operator-differential equations in a finite domain. All condi¬ 
tions were expressed by the coefficients of the given equation. 


1. Introduction 

Let H be Hilbert space, A be a positive definite self-adjoint operator in H. 
Obviously, the domain of definition of the operator (7 > 0) - D{A'^) becomes 
a Hilbert space with respect to the scalar product {x,y)^ = {A^x^A^y). We 
consider Hq = H. 

Denote by L2((0,1) : H) a Hilbert space of functions f{t) determined on the 
interval (0,1) with the values in H, moreover 

II/IIl 2((0;1);H) = \\f{t)fdt 

We introduce the Hilbert space 

W|((0, 1):H)= {u, u"' G L2((0, 1) : H),A^u G ^^((0,1) : H)] 
with the norm 

Il'*^lliy|((0,l):i4) = IIl 2((0,1 );R) + II^^^IIl 2((0,1:R))) 

From the theorem on traces [3, Theorem 3.1] it follows that 

O 

w|((0, l):H) = {u:ue Wi{{0, 1) : H),u{0) = 0, u'{l) = 0, u"(l) = 0} 

is a complete subspace of the space Wf ((0,1) : H). 

Note that here and in the sequel, the derivatives are understood in the sense of 
distribution theory [3,p.14,15]. The space is defined in the same way, 

where R = (—00, -|-oo). 

From the theorem on intermediate derivatives and on traces [3, Theorem 2.3, 
Theorem 3.1], it follows that, if u G ((0,1) : H), then G L2((0,1) : 
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H), iiW(O) G iiW(l) G {k = 0,1,2) and \\A^-’^u(>^M\L,mi):H) < 

const||R||^3((o,i), H), l|uW(0)||3_fc_i < constIIu||iy3((0,i), H), Il^^^^ni)ll3-fc-i < 
< constIIn||^3(( 0 ^ 1 );//). 

It is known that e~^^(p G W^dO, 1) : H), if and only if (/9 G H5, where is 
a semigroup of bounded operators generated by the operator (—A). 

O 

In the space W^dO, 1) : H) consider the following operator 

2 

Lu = u" + yl^n + + T3-j)u^^^ 

j=o 

where the coefficients of the operator L satisfy the conditions: 

(1) yf is a positive-definite self-adjoint operator with completely continuous 
inverse: A~^] 

(2) The operators Bj = AjA~^ (j = 1,2,3) are bounded in H; 

(3) The operators Kj = TjA~^ {j = 1,2,3) are completely continuous in H. 
Obviously, from the theorem on intermediate derivatives it follows that, subject 

O 

to the conditions l)-3), L is a bounded operator acting from IT2((0)1) • H) to 
L2dO,l):H). 

In this paper, we find some sufficient conditions that provide Fredholm prop¬ 
erty of the operator L, i.e., dim iFerL = co dim JmL < 00 and ImL is a closed 
set in T 2 (( 0 , 1) : H). 

Then we apply this theorem on Fredholm solvability to the boundary value 
problem 

2 

u'^dd + A^u{t) + ^^{As-j + T3-j)u^A = fd): t £ ( 0 , 1 ) ( 1 - 1 ) 

i=o 

u(0) = 0, u'(I) = 0, u"(l) = 0. (1.2) 

Note that, unique solvability of the problem of type (1.1),(1.2) was studied in [8] 
for Aj = Tj = 0, J = 1, 2,3 and for Tj = 0 in [1,2,4]. 

For second order operator-differential equations the unique solvability of the 
problem was considered for example in [5,6,7]. 


2. Some results 

O 

In the space IFI((0,1) : H) we determine the operators 

2 2 

Pqu = u"' -|- A^u, Piu = A^-jU^A ^ Tu = _ 

j=0 j=0 


The operator 


Lu = Pqu -|- Piu + Tu 


( 2 . 1 ) 


from the space IFl((0,1) : H) to T2((0,1) : H) is bounded. We have the following 
theorem. 
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Theorem 2.1. The operator Pq isomorphically maps the space W2((0,1) : H) 
onto L2{{0, 1) : H). 

O 

Proof. First we show that KerPo = {0}. Indeed, for u G IFf ((0; 1) • have 

\\^0'^\\l2{{0,1):H) = \W”' + = 

= \\'^'''\\l2{(o,i):H) + + 2Pe(w,'", A^'w)l2((0,1);/1)- (2-2) 

O 

Since for u G IFI((0,1) : H) by integration by parts we get 

= ||A^/^r'(0)|P - (^^■U,'u'")l2((0,1);L1)) 

we have 2Re{u''', A?u)L.^(i^Q iyjj) = Then taking into account this 

equality in equality (2.2), we have 

\^^^\\\2{(0,1):H) — ll"^ \\\2{{0,1)-H) + \\^^'^\\‘l2{(0,1):H) + ll"^ (0)ll|- (2-3) 

From the condition Pqu = 0 it follows that ii = 0, i.e. KerPo = {0}- We now 
prove that ImPo = T2((0,1) : Ph), i.e. the equation Pqu = f has a solution for 
any / G L2((0,1) : H). Let fi{t) = f{t) t G (0,1) and /i(t) = 0 for P\(0,1). 
Then fi{t) G L 2 {R : H) and ||/i||l 2 (R:H) = II/IIl 2 ((o,i):/i)- It is easy to see that, 

+ O0 

ui(t) = ^ / + 

— OO 

where /i(^) is a Fourier transformation of the function fi{t) and satisfies the 
equation u”'{t) + A?u{f) = fi{f) almost everywhere in P = (— 00 , 00 ). On the 
other hand, from the Plancherel theorem it follows that 

ll^l(t)ll^3(^.j^) = ll'“rili 2 (( 0 ,l):H') + 11 Ilia (/?:«■) = ll^^tll (011L («;/!) + 

+ ll^^t^l(Olli2((0,l):H') = Il0((f0^+^^) ^/l(0lli2(R) + ll^^((*0^+^^) ^/l(0lli2(R) 

< (^sup||{=(K)’ + + supllA^lK)’ + A3)->||U . ||/,({)||||i,,H;«, = 

= COnStWfWl^^y^^^yjjy 

Here we use the fact that if the operator vl is a self-adjoint positive-definite 
operator, then for any ^ G P 

^G(t{A) 

and 

p3((fO=' + ^3)-0= sup |/l3((i03 + /l3)-'|<l. 
n&o-(A) 

Let us denote by a{t) = ui{t) for t G [0,1] and a{t) = 0 for t G P\[0,1]. 

Obviously, a{t) satisfies the equation u”'{t) +A^u{t) = f{t) almost everywhere 
in (0,1) and a{t) G 1F2((0,1) : P)- Then by the theorem on traces, G 
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G [k = 0,1, 2). Now we will look for the solution of the 

equation Pqu = / in the form 

u{t) = a{t) + e~^^xi + 

where xi,X 2 and X 3 £ Hs are unknown vectors, a; = — From the 

O 

condition u £ Wf ((0,1) : H), it follows that 

xi + e^^X2 + e^^xz = —a(0), e~^xi + 0 JX 2 + ojx^ = 2l“^a'(l), 
e~^xi +ijj‘^X2 +uj‘^xz = — 

Taking into account that the vectors a(0), yl“^a'(l), — 2 l“^a"(l) G ifs, then 

2 

o 

solving this system we get xi,X 2 and X 3 £ Hs, i.e. u{t) £ VF2((0,1) : H) 
Consequently, ImPo = L2((0,1) : H). The theorem is proved. □ 

From this theorem and theorem on intermediate derivatives it follows that the 
following norms 

Nj = sup • ||Po"^^ir^ j = 0> 1>2; (2.4) 

Uf^O, 

u£W^{{ 0 , 1 ):H) 

are finite since the norms 11^*11 ( 0 , 1 ) ;_«■) equivalent in 

O 

VFI((0, 1 ) ; P[). Next we prove the following result 
Theorem 2.2. ITe have the following estimations: 

No<l-, Ni<2^-3~p N2<2-3~P (2.5) 

Proof. From equality (2.3) it follows that A^o < 1- Prove that N 2 < 2 • 3 “ 2 . 

O 

Obviously, for u £ kF|((0,1) : PI) (u(0) = 0,ri'(l) = 0,«"(1) = 0). 

< ll^^^^llL2((0,l):/f) • (2-6) 

o 

Let e > 0 be any positive number. Then for any u £ W^dO, 1) : H) we have 
the equality 

\\eu"' + Au" + -^^^'|li 2 (( 0 ,l):H) = + ll"4^^^1li2((0,l):R') + 

+^||y4tt'|||^((o^i).j^) + 2eRe{u", A‘^u')L. 2 i{o,i):H) + 2i2e(«'", 2 ln') 2 , 2 ((o,i):H) + 

+ ^-2Re{Au",A\')L,(^^o,i):Hy (2.7) 

Integrating by parts, we have : 

iu",Au")L 2 {{o,iy.H) = -||«'(0)|P - iAu",u") 

i.e. 

2eRe{u'", ^n')L 2 ((o,i):iT) = -e||«"(0) ||| • (2.8) 
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In the same way we have 


2 • — —-||m'(0)|||. I 

Taking into account the equalities (2.8),(2.9), from equality (2.7) we get: 


\\eu" + Au" + — ^^Il^^^1li2((0,l):fl) + 


+ ^ll^^^lli2((o,!):«■) “ ll^'“^^lli2((o,i):H') “ \\e^A’^^u”{Q) +e 2^2t('(o)|p. 

Hence we have 

ll"^^^lli2((0,l):J^) - IIl2((0,1);L^) “*■ \\‘l2{(0,1):H)- 

1 _ 1 

Assuming e = P^«'||| 2 ((o,i):H) ' ll^"'llL 2 «o,i);iL)’ get 

\\^'^'\\‘l2{{0,1):H) ^ 2||m lli2((0,l):H') ■ 11^^^ IlLllO,!);/!)- (2-10) 

Now, substituting the inequality (2.6) in (2.10), we get 

11^^ IIl2((0,1);H') ^ 2 • IIu ||l2((0,1);H') ' M IIl2((0,1);H') 


11^^ IIl2((0,1):H') < ' 11'“ HL2((0,1):H')‘ 


Then 


||Au"|P < 23 • ^^2 • ('^ll“^1li2((0,l);Ll)) - 


for r > 0. ^ 

Assuming r/ = 2“3, we have 

ll^“^^lli2((0,l):L/) - 

Consequently, 

II^^^1U2((0,1):H') <2-3 2 llull^Ki-o^l):/^). 
Now, substituting the inequality in (2.6), we get 

II^^'“^IIl2((0,1):R') <22-3 ‘^\\Pou\\l2{{0,1):H)- 


Ni <22 .3 4 ; N 2 <2 - 3 2 . 


The Theorem is proved. 
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3. Main results 

We now prove the following theorem. 

Theorem 3.1. Let conditions 1) and 2) be fulfilled, moreover the operator 
Bj = AjA~^ {j = 1,2,3) satisfy the condition 

q = Ooll-Bsll + ai||i? 2 || + « 2 ||.Bi|| < 1, (3.1) 

where oq = 1 oi = 22 • 3“4^ a 2 = 2 ■ 3 “ 2 . Then the operator Pq + Pi isomor- 

O 

phically maps the space Wl((0,1) : H) onto p2((0,1) : H). 

Proof. Since Pq is an isomorphism, after substitution of Pqu = v we can write 
the equation (Pq + Pi)tt = / in the form v + PiPq“^u = /. Since 

2 

WPiPq ^^IIl2((0,1):H) = \\Piu\\l2{(0,1):H) < WAs-jU^^''\\ l2{{0,1):H) < 


j=0 

taking into account the result of theorem 2.2, we get 

2 

l|APo“^^^||L2((0,l):/f) < X] ll-^S-ill • Nj ■ ||Po^4||i,2((0,1):H) 


< y~]aj||P3-ill • \\v\\l2{{0,1):H) - ^II^^IIl2((0,1):H)- 
1=0 

Since q < 1, the operator E + PiPg”^ is invertible in the space L2((0,1) : H). 
Then the operator (Pq + Pi) is invertible in p2((0,1) : H) and (Pq + Pi)“^ = 
Pq"^(P + PiPq”^)“^. Hence it follows that ||u|| o < const||/||i^ 2 ((o,i):iy)- 

The theorem is proved. □ 

Theorem 3.2. Let conditions 1) and 3) he fulfilled. Then the operator T is a 

O 

completely continuous operator from the space Wf ((0,1) : H) to p2((0,1) : H). 

O 

Proof. Since for u G Wl((0,1) : H) 

Tu = T 2 u' + Tiu" + T^u = K 2 A^u' + KiAu” + KqA^u, 

where Kq, Ki and K 2 are completely continuous operators, then it suffices to 
prove that KqA^, K 2 A^-^ and KiA-^ are completely continuous operators from 

O 

W2((0,l) : H) to p2((0,l) : H). For definiteness we consider the operator 
KiA-^. Since Ki is a completely continuous operator, we can represent it in 
the form of a finite-dimensional operator and an operator with sufficiently small 

n 

norm Ki = '^{■,Xi)yi + K[: ||P(|| < e for sufficiently small e > 0. Obviously, 
i=l 

if efc {k = 1, 2,...) is an orthonormal basis of the system of eigen-vectors of the 
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operator A, (i.e. Ack = A^Cfc) then, Xi = CpfSi + Xi(e), moreover ||a:i(e)|| < e. 

p=i 

Then for one - dimensional operator Ki^i = (,ei)yi we have 

ll^l,i^«"llL2((0,l):H) = hWViW ■ \iu"it),ek)\L2{{0,l)- 
Since for the function ip{t) = {u{t), e^) we get 
1 

W'^”it)\\L2iio,iy.H) = j■ '0'"(t))L2((O,l) = 
0 

= {^p'{t)-rit))L2im<u\t)\\\\rm 

and 

1 

IIV’'(i)f = J= i){t) • - (V’(t),<(t))L2 < IIV’WII • 

0 

we obtain 

< \\m\\ ■ w 

i.e. 

ii ^' wiil 2 (( o , i ): h ) < < e\\r'm+M{e)\\m\\L2mi)- 

Thus, 

ll^l,i^^^^1lL2((0,l):R') < IIV'II L2((0,1):R') • (3-2) 

Now, we can show that for any e > 0 

< e||'w|liy3((o,l):H) + II^11 L2((0,1):H)• 

Since the embedding Wl((0,1) : H) C T2((0,1) : H) is compact, Ki^iA^ is a 

O 

compact operator. Indeed, if C IT2((0,1) ; H) and ||iifc|| vf|((o,i):H') — 

then there exists a sequence Uk^n C {u^}, moreover, Uk^n in -b 2 (( 0 , 1) : H). 

Then from inequality 3.2 it follows that 

\\KiiA[Uj^ — 'Urn) 11^2((0,1);/!) — ^ “b M(£)\\Un — "Um||L2((0,1);H')• 

Since as n,m —)• oo ||urr — Um\\ —> 0, and e is any positive number, we conclude 
that the sequence {Ki^iAu'^}^^^ converges in L2((0,1) : H) i.e. the operator 
Ki^i is a compact operator. Consequently, the operator KiA-^ is a Fredholm 

O 

operator from the space ITI((0,1) : H) to T2((0,1) : H). 

The theorem has been proved. □ 

We now prove the basic theorem. 

O 

Theorem 3.3. Let conditions l)-3) and (3.1) be fulfilled. Then L : IT2((0,1) : 
H) —T2((0, 1) : H) is a Fredholm operator. 

Proof. Obviously, L = Pq + Pi + T = {E + T{Pq + Pi)-^)iPo + Pi). 

Since the operator (Pq + -Pi) is an isomorphism, T{Pq + Pi)“^ is a compact 
operator, then L is a Fredholm operator. 
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Corollary 3.1. Let the conditions of theorem 3.3 he fulfilled. Then problem 
(1.1),(1.2) is Fredholm solvable. 

□ 
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